Abstract The purpose of this paper is, first, to give an algorithm that enables to obtain the lines of curvature on parametric hypersurfaces in Euclidean 4-space, and then, to obtain the curvatures of such lines by using the extended Darboux frame along the curve.
Introduction
A curve whose velocity vectors at its every point correspond to the principal directions of the surface is called the line of curvature. Lines of curvature on surfaces have always on-going attention not only in differential geometry (see e.g. [5] , [9] ) but also in geometric modeling (see e.g. [3] ). Differential geometrical properties of such curves on parametric surfaces can be found in [5] , [9] , [2] and for parametric hypersurfaces in [8] . It is known that a line of curvature on a parametric surface in Euclidean 3-space E 3 satisfies the following differential equation [5] (LE − NF)(u ′ ) 2 + (ME − NG)u
If the above differential equation can be solved explicitly, then the line of curvature on the given surface can be obtained. In this case, it is easy to find all Frenet apparatus of the obtained line of curvature. When the equation gives the approximate solution for the line of curvature, then it is needed to construct new techniques to calculate the curvatures and Frenet vectors of the line of curvature. In 2014, Maekawa et al. present algorithms for computing the differential geometry properties of lines of curvature of parametric surfaces in E 3 . They derive the unit tangent vector, curvature vector, binormal vector, torsion, and also algorithms for evaluating the higher-order derivatives of lines of curvature of parametric surfaces [1] . In 2007, Che et al. studied the line of curvature and their differential geometric properties for implicit surfaces in E 3 [4] (The previous studies including the applications of lines of curvature have been reviewed in [1] and [4] ). Besides, lines of curvatures have also been studied in E 4 . The differential equation of the lines of curvature for immersions of surfaces into E 4 has been established by [11] . In [12] , the authors establish the geometric structure of the lines of curvature of a hypersurface immersed in E 4 in a neighborhood of the set of its principal curvature singularities, consisting of the points at which at least two principal curvatures are equal. The geometric structures of the lines of curvature and the partially umbilic singularities of the three-dimensional non-compact generic quadric hypersurfaces of E 4 have been studied by [13] .
In this paper, we give a method to compute the lines of curvature of parametric hypersurfaces in E 4 . By using the extended Darboux frame along a hypersurface curve, we also present the algorithm to obtain the Frenet vectors and the curvatures of the obtained lines of curvature.
This paper is organized as follows: In section 2, some necessary notations and reviews of the differential geometry of curves on hypersurfaces are introduced. The extended Darboux frame is also given in section 2. In section 3, we give the method to compute the lines of curvature of parametric hypersurfaces in E 4 . The curvatures of the line of curvature are obtained in section 4. z i e i is defined by [10] x ⊗ y ⊗ z = e 1 e 2 e 3 e 4 x 1 x 2 x 3 x 4 y 1 y 2 y 3 y 4 z 1 z 2 z 3 z 4 , where {e 1 , e 2 , e 3 , e 4 } denotes the standard basis of R 4 .
Let M ⊂ E 4 be a regular hypersurface given by R = R(u 1 , u 2 , u 3 ) and α : I ⊂ R → M be an unit speed curve. If {t, n, b 1 , b 2 } denotes the moving Frenet frame along α, then the Frenet formulas are given by [7] 
where t, n, b 1 , and b 2 denote the tangent, the principal normal, the first binormal, and the second binormal vector fields; k i , (i = 1, 2, 3) are the ith curvature functions of the curve α. The Frenet vectors and curvatures of the curve are given by [7] 
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The derivatives of the curve α is obtained as
In addition, we can write α ′ (s) =
. Also, applying the chain rule to α ′ , we get the second and third derivative of the curve α as follows:
Let M ⊂ E 4 be a regular hypersurface given by R = R(u 1 , u 2 , u 3 ) and α : I ⊂ R → M be a unit speed curve. Let T denotes the unit tangent vector field along α, and N denotes the unit normal vector field of M restricted to the curve α given by
Darboux frame of first kind along α is given by {T, E, D, N}, where 
where k i g and τ i g are the geodesic curvature and geodesic torsion of order i, respectively, k n is the normal curvature of the hypersurface in the direction of the tangent vector T. Then we have [6] 
3. Differential geometry of line of curvature of parametric hypersurfaces in E 4
Normal curvatures of hypersurfaces in E 4
Let
Since the normal curvature of M at a point is given
where Then, we obtain
Thus, the principal curvatures satisfy the following homogeneous system [8]
Let us denote the coefficient matrix of above system with A, i.e.
In the case of rankA = 0, since all directions satisfy (3.3), the point becomes an umbilical point.
Then at an umbilical point we have
In the case of rankA = 3, the system has trivial solution. For the principal directions, we need the nontrivial solutions of this system. This system has a nontrivial solution if and only if detA = 0, i.e. 
, we can write
where K 1 and K 2 correspond to the Gauss and Mean curvatures, respectively. This is a third order equation with respect to k n . G. Cardano has shown the solutions for such equations [14] . By using his method, we can express the principal curvatures in terms of K 1 , K 2 , and K 3 .
Computation of line of curvature
Let us now give the computation technique for obtaining the line of curvature of the hypersurface. We assume that the line of curvature is arc-length parametrized.
Let us assume that rankA = 2. In this case, if we denote
and choose
(where η is a nonzero factor) it is easy to see that (3.8) satisfies (3.3). Since the line of curvature is unit speed, its first fundamental form is given by
Hence, substituting (3.8) into (3.9) determines η as Note that the right hand sides of (3.5)-(3.7) correspond to the determinants of some submatrices obtained from the matrix A. For that reason, the numerators in (3.11) may be all zero. Since we assume rankA = 2, we have a possibility in which at least one numerator for (3.11) is nonzero. Thus, the lines of curvature are then the solution of initial value problem of the triplet non-linear differential equation (3.11).
Curvatures of line of curvature
Our aim is now to obtain all curvatures of the line of curvature α(s) on a parametric hypersurface. For this purpose, we need to compute the higher order derivatives of line of curvature.
If we use (2.6) and (2.8), for the second derivative of α we may write
where
, Ω 1 is known. By taking inner product of (3.12) with R 1 , R 2 , and R 3 , respectively, gives
If we substitute (4.5) into (4.2), and use (4.3), (4.4) we get
By taking the derivative of the first and second equation of (3.3), we obtain
By combining (4.3), (4.4), (4.6), (4.7) and (4.8), we obtain the following nonhomogeneous linear equation system
Since the determinant of the coefficient matrix is g 11 a 2 1 + 2g 12 a 1 a 2 + 2g 13 a 1 a 3 + 2g 23 a 2 a 3 + g 22 a 2 2 + g 33 a 2 3 = 0,
, and k 1 g E, R 3 can be evaluated from (4.9) which enable us to compute the curvature vector α ′′ , E = T ′ − T ′ ,N N T ′ − T ′ ,N N , and k 1 g . Hence, the first curvature of a line of curvature is obtained by
To obtain the second curvature, we need to determine the third order derivative of α.
Since α is a line of curvature, we have τ 1 g = τ 2 g = 0. If we take the derivative of α ′′ = k 1 g E + k n N with respect to arc-length, we get
Thus, if we use (2.8) 12) where
If we take the inner product of both sides of (4.12) with R 1 , R 2 , R 3 , respectively, we obtain the linear equation system
) ′ and k 2 g are unknowns. So, we have to find two more equations to obtain these unknowns. By taking the derivatives of (4.7) and (4.8), we get
. By combining (4.13)-(4.17), we get the nonhomogeneous linear equation system QX = S, where
) ′ and k 2 g can be obtained when detQ = 0. Thus, we find α ′′′ which enables us to compute the Frenet vectors b 1 , b 2 by using (2.2). Therefore, the second curvature can be obtained by
Similarly, for the fourth derivative of the line of curvature we may write
If we take the inner product of the both sides of (4.18) with R 1 , R 2 and R 3 , respectively, we get the following equations:
1 + g 12 u
2 + g 13 u (4) 
If we take the inner product of (4.18) with n, b 1 and b 2 , respectively, we obtain n, R 1 u 
2 , u
3 , k ′′ 1 , k ′ 2 , and the third curvature k 3 . These unknowns can be computed when detM = 0, where
